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ABSTRACT —Dirmouncs Unizoed

We study the limiting distribution of the amount of charge left in some set by an
infinite system of charged Markovian particles, when the charge distribution belongs
to the domain of attraction of a symmetric a-stable law. The limits are symmetric
a-stable generalized random fields. Their multiple integrals are built in a similar
manner. We also study the repormalizability of these families of random fields and

use the construction to simulate stable fields on R! and R2.
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1. INTRODUCTION

Stable processes have been studied intensively in recent years. Samorodnitsky
and Taqqu (19903, Weron (1984), Rosinski and Woyczynski (198j), Rosinski (1986),
Kallenberg and Szulga (1989), Szulga (1992), Maejima (1990), Janicki and Weron
(1991), are some of the references related to this work. Because all these authors work
on an abstract measurable space, or with specific models on R1, we were motivated to
define families of stable random fields on R%,d > 1, and of generalized stable fields on
the Sobolev space S;. We build the fields as limits of sums of functionals on paths of
Markov processes and show that using this construction one can easily analyze some
of the properties of the fields in the limit.

Motivated by work of Maejima (1990) on self-similar stable processes, we choose
to study the renormalizability of the families of stable fields and their functionals.
The property of renormalizability of families of random fields was defined in Adler
and Epstein (=Feldman) (1987) and Epstein (1989), as an extension of the property
of self-similarity to families of fields. These authors discuss the renormalizability of
families of Gaussian fields. Here we show that stable fields built from self-similar
Markov processes are renormalizable.

Our method of construction of the stable fields also allows us to simulate these
fields on a computer and display the surfaces to see what they look like. Our moti-
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vation in this direction comes from work of Janicki and Weron (1991) on simulation

of stable processes (all on R!).

We now look at our results from a somewhat different point of view. In recent
years, much attention has been given to the description of infinite systems of particles
moving according to some law (usually Markovian). Some of these papers e.g., Adler
and Epstein (1987) and Adler (1989), deal with particle systems which behave as
follows: Initially (at time zero) a number of independent particles pop into existence
at locations within the space RY, according to a Poisson point process with intensity
A. (Actually the initial distribution of the particles was created differently in the
above papers, but one could use Poisson point processes instead.) The particles then
move according to some Markov law. A positive or’negative ge 1s assigned to
each particle initially, according to a Rademacher random variable. The charge of
each decays exponentially with time. The number of particles in the system is then
set to infinity and the limiting distribution of the charge left by the system in a
set in RY, after all the particles have lost their charge, is studied. The limiting field,
which is indexed by sets, or more generally by functions, was shown to have a Gaussian
distribution in Adler and Epstein (1987). In Feldman and Rachev (1993), the authors
obtain limiting fields that have sub-Gaussian, Laplace and other distributions, by
changing the initial distribution of the particles appropriately.

The second aim of this work is to answer the question, “What happens to the
limiting charge distribution if the initial charge of each particle follows a symmetric
a-stable law?”

As in the above-cited work, our main tools are limit theorems for U-statistics.
Here we use results found in Szulga (1992) on the convergence of resampled U-statistics
to multiple stable integrals.

This paper is organized as follows: In Section 2, we present our construction of
generalized stable random fields and their multiple integrals. The proofs are given in
Section 3. In Section 4, we show how to construct stable fields on RY. In Section 5 we
study the renormalizability of the families of stable fields and their multiple integrals.
Secti0121 6 is devoted to simulation results for some stable processes and fields on R!
and R*.
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2. STABLE RANDOM FIELDS AND THEIR FUNCTIONALS.

Let us now define the particle system of the Introduction precisely. On an
arbitrary probability space (2, F,. P), take n independent symmietric Markov pro-
cesses Vi, Va,...,Vn with values in Rd, each process starting according to some
finite initial measure m. Let py(z,y) be their common transition density function;
p(z,y) = pt(y,z), 2,y € R, ¢ > 0 and Jrapt(z,y)dy = 1, for each z € RY. The
corresponding Green’s function is given by
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. 0 particle V; a charge oiYn i- We will call 0;Y, i the charge associated with the Markov

{)artlcle V The particle cha.rges clearly belong to the domain of attraction of a stable
aw

We now describe the evolution of the system in time. When particle : with charge
oiYn a.t time ¢ passes through a point z in the space R4, it leaves there a charge
oYy :C . Let A€ B(Rd) be a Borel set in the space R?. We would like to find the
amount of charge left in the set A after all particles have lost their charge and in the

limit of increasing initial particle density, i.e., we are interested in finding the limiting
d:stnbutxon, as n — oo, of the normalized sum

®n(4) := Z /m cr,-Y,,‘,-e—‘l A(Vi(2))dt.
i=170
More generally, define the bilinear form

(0= (. fm o= [ mida)dzdy f(2)6(@, )o@, )f@) 3)

where g and g2 were defined in (1). Let S = Sg(g) be the Sobolev space of C'*
functions of finite norm, where the inner product in S, is given by (3). For f in S
we define the functional of the space of the paths of the Markov process V by

Fy(V) = /o " et V)t 9

Then, we study the weak convergence, as n — 00, of the finite-dimensional distribu-
tions of the sum

&n(f) =Zo.-¥..,,-Ff(v.-) (5)
) i=1 X ’
Clearly, if (| f[, [f]) is finite for all functions f from the Schwartz space of C* functions
that decrease at infinity faster than any polynomial, we can take the Schwartz space

as the index set of $,. This is possible, for example, when the Markov process V is
Brownian motion.

We now define the hmxtm field. A random variable X is said to have a symmetric
a-stable (SaS) d1stnbutlon lf its characteristic function is given by

'Eexp{itX} = exp{-o°[tl°} (6)

The SaS distribution is thus characterized by index a,0 < a < 2, and the scaling
parameter 0. A stochastic process is SaS if all its finite-dimensional distributions are
SasS, i.e., iff any linear combination of its components is an SaS random variable. On
a separable finite measure space (T, T, u) let X(-) be a SaS Lévy random measure
with control measure s and Lévy measure v(dz) = cgldz/z~1~®, where ¢® is as in
2). This means that
i) for every A € T,X(A) is a SaS random variable with characteristic function

Eexp{itX(4)} = exp {-pu(A)It|*},

sexp{- /A /R \{0}(1—oostz)u(dz)n(ds)} @

(i) X(-) is independently scattered and o-additive, i.e., for disjoint sets Ay,..., Ay, ..
in 7, the random variables X(4;),...,X(4;) are mdependent and X(U% —lA ) =

2):1 X(AJ)




We will denote by X f the integral of f with respect to measure X and by X* f
the multiple integral of order k with respect to measure X. The construction of these
is given in Kallenberg and Szulga (1989).

Now we choose a specific separable finite measure space (T,T,u). Let T =

D([0,00)) denote the path space of the R4-valued Markov process V, let B(T) = T
denote the Borel g-algebra of the cylinder sets in T, and let u denote the measure
induced by the process V. Thus, V, Vi, Va,... are i.i.d. random variables uniformly
distributed on (T, T, ). Take X(-) to be a SaS Lévy random measure on (T, 7, u)
with coatrol measure u.

A family of random variables {®(f), f € Sy} is called a generalized random field
if the following two conditions hold:
;:.) ® is a linear random functional, i.e., ®(af + bh) = a®(f) + b®(h) as. for all f,

€ Sq,and alla, bER; -

(b) @ has a version with values in the dual space S;.
Recall from (4) the definition of the functional Fy on space T. We now consider a
family of random variables

{8(f), f € Sa} 2{ | Fy(u)X(du), f € Sy} ®)
T

Proposition 1. Let 0 < a < 2. Then (8) defines the generalized stable random field
on Sy such that for every f € Sy andt € R,

Bexp(ita(1)} = oxp {~1t" [ Fyu)|” @)},
= exp {~It|°E |Fy(V)[*} 9)
Theorem 2. Let 0 < a < 2. As n — oo, the finite-dimensional distributions of
{®n(f), f € S4} converge weakly to those of the stable random field {®(f), f € Sq}-

In order to construct a kth order integral with Yespect to Lévy random measure ~

. X, we have to consider systems of k Markov processes. For a function f, of k variables,
define the functional

th(t.ﬁ, ey V)= /000 e Lw e-tl_'"‘_t'fb(Vl(tl), e, Vi(tg))dty .. dty  (10)

Since g '
E|F;, (Vi Vi) P = U fi) k2 1, (11)

where

(fiote) o= [ mida)fu(x)g®a,x)o(x, hu(y)ixdy (12)
9(x,y) = 9(z1,41) - - 9(zas i), 9%(8,%) = g%(a1,1)...g%(ap,zk)  (13)

(see Feldman and Rachev, 1993), we restrict our parameter set to functions from the
space

5§ = 5§(9) = {fi : fi = fula1,-.., =) symmetric in CX(R%) with (Ifi, Ifil) < oo}
(14)
We are interested in studying the limiting distribution, as n — o0, of the normalized
sum
Un(fe)i= " Y. iy Yoi o Yo, Fp (Vi ooy Vi) (15)
i< <..<i<n
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. . Proposition 3. Let 0 < a < 2. The field
{¥(fe), fi € S5} 2 {XtFy,, fi € S§)
= {/T...[I‘Fh(ul,...,uk))((dul)...X(duk), fi € s;‘} (16)

is well defined and is a generalized random field on S%.

Theorem 4. Let 0 < o < 2. As n — oo, the finite-dimensional distributions of
{¥a(fi), i € S5} converge weakly to those of { (), fi € S}}.

3. PROOFS

We will now present the proofs of the results stated in Section 2. We start with
thg following lemma.

Lemma 5. For 0 < a < 2 and every f € Sy,

/T |Fy()®du) < ((f M) < o0 (17)

Proof. Use Lyapunov’s inequality (p. 191 of Shiryayev, 1984) and (11) to get

v u@) =B FW)I® < (BIFWE) = 1.0 <00

The proof is complete.
Proof of Proposition 1. The functional Fy(V) = [f° e~ f(V(t))dt = F(f,V) is
jointly measureable on Sy x T. Moreover, for each fixed f € S4, Fy(V) € L*(T) (by
Lemma 5).- Thus, (cp. Rosinski, 1986) the integral in (8) is well defined. Therefore
® has the integral representation given by (8) and (cf., (3.2.2) Samorodnitsky and
Taqqu, 1990), its distribution is specified by (9). It remains to be shown that ® is a
generalized field. Clearly, & is linear. By Corollary 4.2 of Walsh (1986), continuity in
probability assures that the field has values in the dual space S;.

By Theorem 2, p. 254 of Shiryayev (1984), and the linearity of &, it is enough to
show that

7j(t) = 0in S4 as j — oo = E[®(w;){P = 0, p>0. (18)

By property 1.2.10, p. 16 of Samorodnitsky and Taqqu (1990) for 0 < p <

Elé(rm)P = (cp.a)? { | |F,.(u)|°u(du)}’\a

where ¢(p,a) is a constant that depends on a and p, and hence does not affect the

convergence. Thus (18) follows immediately from Lemma 5 and the proof is complete.

Proof of Theorem 2. By Proposition 3.1 in Szulga (1992) with k = 1, it is clear

that as n — 0o, ®5(f) converges weakly to the stable integral X Fy which in turn is

equal, in distribution, to {®(f), f € Sq} (see Proposition 1). Use the Cramér-Wold

device (p. 49 of Billingsley, 1968) and the linearity of &, and ® to complete the proof.
For f; € S%, define the functional Fy, (W, ..., Vi) as:

Fj,,("l,- Vi) = { OFh(Vl’ ..., V) if all k arguments are distinct (19)

otherwise




Since the probability that any two or more of the paths of the Markov processes V7,
Va, ...,V are identical is zero, it follows that

(P, V), fe € 85} 2 {F (W, Vo), fu € S5} (20)

Coasider the set Qp = {w : Vj(w) # ... # Vi(w)}. Clearly, P(Qp) = 1. Moreover,
when restricted to the set Qp, the functionals Fy,(V4,...,V;) and ka(VI, Vi)

are identical. Therefore, for the next two results 1n this sectxon, we will restnct our
attention to {9, and denote the functionals as Fy,(W,..., V).

Proof of Proposition 3. The functional Fy,(V},...,V}) is jointly measurable on

Sk x T*. Since the functions fi(uy,...,ut) = f(u1)... f(ui) are dense in Sk it
sufﬁces to prove the Proposition for such f;. Note that in this case

Ff(u1,... ug) = Fy(u1) ... Fy(ug) (21)

Following Ka.]lenberg and Szulga (1989), we set ¢ to be a Poisson process on R\{0}xT,
with intensity ¥ x g, so that ( is constructed from the jumps of the process X. We

denote its symmetrized version by (. Then the following representation of the integral
holds XEFy, = CKLFyg,) as. (22)
Here L is the operator defined on the space of functionals on T* as

LFj, = LFy, (u1,..., %k Z1,-. -, Z) = 21 ... T Fp (U1, ..o ug),

where z; € R\ {0}, v; € T, i = 1,...,k and the integral on the right of (22) exists if
Fy, belongs to the class £, where

£ ={Fp, : (HLFp) <0 as}.

~,

~ Let (1,...,(; be independent copies of ( and note that by Theorem 3.4 in Kallenberg
and Szulga (1989), the condition ("'(LF )2 < co a.s. isequivalent to (g .. Ce(LFy, 2 <

oo a.s. By the independence of (j,... ,C,,, (21), and Lemma 2.2 in Kallenberg and
Szulga (1989), this is equivalent to

/T/R\{(,} (2 F3) A1) s(dou(du) < oo as.

which in its turn follows if the following two conditions hold:
@) /T /R o (2 A1) F}) o(de)id) < 0 2.
(i) /T /R o (@ AD)(EF V1)) w(de)u(du) < o0 as

Since I R\ {0}(2:2 A i)u(dz) < oo for Lévy measure v on R\ {0} and (11) holds, (i)-(ii)
are satisfied. Thus, the multiple integral X*Fy, exists. Linearity of ¥ in f; follows

from.the linearity of Fy,. To show that ¥ has a version in (55 ) follow the proof of
Proposition 1, keeping in mind that (cf. (1.6) of Kallenberg and Szulga, 1989):

mtarn?= 3 b (5) {om (e a) o (4 e Eren)’)

m=1

~
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. where p(Ff(u))2 = Ir lFf(u)|2 u(du) = (f, f) < oo. The Proposition is proved.
o Proof of Theorem 4. It is clear from Proposition 3.1 in Szulga (1992), the Cramér-
| Wold device, and the linearity of ¥n(f;) that the finite-dimensional distributions

{ of the field {¥a(fi), fi € Ss}, converge weakly to those of {X"F‘fn fi € 55}, as

n — oo. The proof aow follows immediately from (20) and Proposition 3.
Remark. The above results can be extended in two directions. The first one, which is

quite trivial, is to introduce the parameter 8 > 0, to substitute the Green’s function g°
for g wherever it appeared, and to change the exponent e~¢ to =% in the definitions
(4) and (10). We will denote the resulting functionals by F? and the spaces of the
test functions by s? ’k, SZ’I = S: It is clear that all previous results hold under these

chanﬁ; we will call the limiting families of fields {#?,6 > 0} and {¥9,0 > 0}.
e above results also hold for the case where the fields are indexed by mea-
sures. Let us briefly explain how to construct F.ft = F%(X;l, ..., X;,) when 1 is a

symmetric measure on R, k > 1, such that
(T )e = / m(da)g? (a, x)°(x, ¥ /7a(dx)e(dy) < co. (23)

We denote the class of such measures by M%* = M¥(g%), M?! = MP. Theorem 2.1
in Adler and Epstein (1987) guarantees existence of the functional F.'fk for each 7 €

MOk If 4, is absolutely continuous with respect to Lebesgue measure with density
fi then th = F}i. Otherwise, it is constructed as the L2 limit of path integrals of

the form P?&,& = fRi 6—0(t1+“.+tk)b'0yg,6(vl(tl)’ ceny Vk(tk))dtl P dtk. Here, 7g(dX)

B s(x)dx, and b8 ((x) = fpeae=®Ort-+8)pg (z1,41). .. ps, 2k, yi )7(dy). Thus, 7}
isa smoqthed version of %

4. POINT-INDEXED STABLE RANDOM FIELDS

In the previous section we have shown the construction of the stable random
fields indexed by functions f € Sy. We will now show how the same construction

allows us to obtain stable fields on R%. To do so, we would like to apply-Theorem 2 to
the case of measure vz(dz) = §z(z)dz, where z € R3. Of course, this is possible only
when v, € M1, i.e., when (23) holds. This is true, for example, for Brownian motion
on R!l. The corresponding functional F,_(V) is then the exponentially weighted local
time Lg(V') of the process V at point z.

Denote by ®z, = € R%, the stable random field obtained by applying the measure-

variant of Theorem 2 to the sums of the functional Lz(V). Then &, z € Rd, has the
integral representation

() = &: = /T La(u) X (du).

So, whenever the local time of the Markov process exists, we obtain the point-indexed
stable random field {®(z), z € R%}, z € RY, with finite-dimensional distributions
given by

a }

Clearly, when a point-indexed field {#(z), z € R%} exists, we can always create
a Sq indexed version of it by setting ®(f) = [p« B(z)f(z)dz.

.

itiLl‘i(V)

i=1

Eexp{i ) t;®z,} =exp {—E

=1




In a similar manner, for those processes for which measure v9(dz|,dzg) =
62(z1)6(z) — z9)dz1dz; is of finite norm, one can use exponentially weighted intersec-

tion local times Lz(V},V3) to define the point-indexed random fields {¥(z), z € RY)
as limits of sums 1<iy <ia<n %4y %iz Yn iy Y i L2(Vi), Vi, ). By Theorem 4

¥(z) 2 /T /T La(uy, ua) X (du1) X (dus).

5. RENORMALIZABLE STABLE FIELDS

The concept of renormalizability of families of generalized random fields was in-
troduced in Adler and Epstein ( 1987) as an extension of the property of self-similarity.
There the authors considered conditions for existence of this property for some Gaus-
sian families and their multiple integrals. Here we modify their definition of renor-
malizability to include rescaling of aa additional parameter and study this property
for the families of stable fields that are obtained as limits of functionals of the paths
of self-similar Markov processes.

. . In the following, we will assume that the initial measure of the Markov process
is
m(de) = 11B(z)dz (24)

where B C R? is a fixed set of finite Lebesgue measure |B|.

Definition. A process V is said to be self-similar with index B, if for anyn > 0, V
and the process

ORI (25)

are identical in distribution, where V is a process (on another probability space) which
has the same transition probabilities as V but initial measure (dz) = F'lml,, p(z)dz.
Note that the initial measure has to be changed'and the set B has to be scaled in

order to preserve the distribution of the starting points after scaling V by the factor
1. For any function f(x) on R and r > 0, define

,’,f(x> =" f(n " x). (26)

Lemma 6. Let V be a M‘é.rkov process which is self-similar with index 8, and let
q€ S:’k, k> 1. Then

B, V) BT (V... W), 7= k8 (27)

Proof. Using the self-similarity property of V, and then making the change of vari-
ables nft; = s;, we get

R,...%) = [

R,

e-o(t1+"'+“)9(vl(tl)’ cooy Vi(tg))dty ... dig

D e-o(t‘+"'+t‘)q(ﬂ-1f’1 qﬂtl yooo ,7)-117 qﬂt dty...dt
R £ k k
+

—on-? —1e 1e _
= /}; L€ P bt a)g(n=1(sy), ..., 5~ Vi ))n~*Pdsy . . . ds;

4
2R (M%), (28)




with 7 = kB. This proves the lemma. my

Let us denote by X™(.), the SaS Lévy random measure X(.), on (T,7,u™), with
control measure 4™. The index m indicates that the process V starts according to
the initial measure m. Further, let X™* f denote the multiple integral of order k, of
the function f with respect to X™(.). When &k = 1, we set Xmlf=X™f We define
the following two families of stable fields:

3m(q) 2 [ Fitu)xm(du) (29)
o (T \D ~f ) X™(du
3% (nq)_jrpf;'()x (du) (30)

Definition. The family of random fields {#%™, 6 > 0} is renormalizable with renor-
malizing parameters (r, p) if, for every n > 0,

gom D T‘I,Orr',ﬁl (31)
n
where
rarmg) = a7 (Tq), @) =) (32)

If the %™ are measure indexed, set

BTy = gfrrm (,,7) , A=), e MOE (33)
Theorem 7. Let (V(t),m) be a self-similar Markov process with index f, and let
ga, 6 > 0, be the corresponding Green function. The family of stable random fields
{#%™, 6 > 0} is renormalizable with parameters (8,5).
Proof. Using (9) and Lemma 6 with 7 = B, one obtains:

. - - . [+
Eexp {iti”"-”"' (39)} = exp {—ltl"E ng () } .
o "
[« 4
= exp{-1PE|F{(V)|}

=Eexp {mp"'m(q)} , teR

and the proof is complete.
Our next result establishes the renormalizability of the family {98:7(£:),0 > 0}
of multiple integrals of the fields {#%™, 8 > 0}.

'(l‘heot)'em 8. Let k > 1. The family {¥%™, 0 > 0} is renormalizable with parameters
kg, B).

Proof. Let “=” denote weak convergence. By Theorem 4,

2 O, ---Oiy Yniy ... Vi, Fqﬂk(V,'l, e Vi) = ‘I’o’m(qk) as n — 00,
1< <..<ix<n

a7, 7 -8 i kB
Z 0':'1 o-.aik Ynil "'Ynik F{;’qt (‘/il"“1‘/ig)=> wo" .M( qk) as n — 0o.
1<i<..<iz<n ) n

—f = - 4
By Proposition 3, ¥9™(qy) 2 X™EFY, whnlm(tiy,) 2 X'"v'fpf;'“ and by
n
Lemma 6, Fg(Vl,. s V) 2 Ff,',’;p(f’l, .ee ,f’,,) Thus, we have.
n

0,m D 10n-P i
Yo =‘I’g '
n &




and the theorem is proved.

6. SIMULATION OF STABLE RANDOM FIELDS

Here we provide graphs of some R9-indexed stable fields for d = 1 and 2. The
simulations were based on results of Theorem 2 and discussion in Section 4, which
allow one to build the fields ®, from the sums of functionals of the Markov processes
V. We would like to explain briefly how these simulations were done.

We simulate symmetric random walks S; on the integer lattice zd d=1,2,ie.,
| Soéﬂ, Ss=&+...+&,k=1,2,...,

where, the £; are i.i.d. Rademacher random variables. Their initial measure is m(dz) =
1g(z)dz, where B C R% is a fixed set of finite Lebesgue measure |B| to be specified
later. Following a discussion in Dynkin (1988), use the functional of the random walk

T
Fin($) = & 3 e7ms (FSi) e o2 (34)
=1

to approximate the value of the exponentially weighted local time L; of the Brownian
motion (which exists for d = 1). This is a good choice for several reasons: As
m — 00, the finite-dimensional distributions of the scaled random walk {Sy¢/v/m,t €

{0,1/m,2/m,...}} on the lattice Z4/\/m converge to those of the Brownian motion

on R%. We would like to have a functional of S/ /m which approximates the functional
of Brownian motion

Fv)= [ et v (35)

Since the value e~20 is less than 10~9, for computational purposes we restrict the
interval of integration in (35) to [0, T}, with T' = 20.'Dynkin (1988) gives the approx-
imation as ' :
Im
Frm(S)= &Y e /™5(Si/v/m).

i=1

In order to obtain point-indexed fields, we replace the function f by the Dirac delta-
function at /. Finally, we use sums

&a(l) =) 0:Yn iFim(5),

i=1

to approximate values of the stable field &(!).

For the case d = 1, we have chosen m = 1000, n = 2000, and B = [-1000, 1000].
We circularized the interval, i.e., when the random walk wanders off the left hand-
side of [~1000, 1000], it immediately reappears at the right hand-side and vice-versa.
To fix the value of m we first obtained graphs of (34) for one fixed realization of
the random walk (but different values of m) and concluded that the graph does not
change much for m > 1000. To choose the value of n we fixed a = 1.95 and m = 1000
and generated independently n = 1500 values of the stable process at a particular
point. This histogram was very similar to the histograms of 1500 values from a SaS
distribution with a = 1.95 and ¢ = 0.014678 generated by the software package Splus.
We also estimated the values of the parameters @ and o using a method based on
McCullough (1986). The value of a was close to 1.95 and o = 0.014678.

For d = 2 we took m = 1500, n = 4000 and B = [0,100) x [0,100). Asford =1,
we circularized the region.

m




To generate the stable random variates Y, ; that satisfy (2) we followed the
algorithm in Bratley, Fox and Schrage (1987), which generates SaS random variates

with scaling factor ¢ = 1, and then multiplied the values by n=1/®. The value of a is
chosen before simulating the stable and Rademacher random variates.
The results of our simulations are presented in Figures 6.1-6.6. Figures 6.1-6.3
present SaS processes ¥(z), z = I/m, | = —1000,-999, ...,1000 for three values of
- the parameter a = 1.1,1.5 and 1.95. The points [ = 0 and 2001 on the graphs in the
Figures correspond to the points ! = —1000 and z = 1000, respectively. The graphs
of the stable fields ®(z), z € !0, IOOJX [0,100) for @ = 1.1, 1.5 and 1.95 are given in
Figures 6.4, 6.5, and 6.6. of these figures contains three graphs. The graph at
the top is the graph of the stable random field. The graph at the bottom left is of
the positive values of the field plotted separately; and the graph at the bottom right
is'of the negative values of the field. It is clear from the graphs that when a is close
to 1, the field is fairly flat; as a increases the fields become more peaked.
Acknowledgements: The authors would like to thank Svetlozar Rachev for helpful
discussions of stable distributions and processes. We would like to thank Makoto
Maejima for the excellent lectures on stable processes that he gave at the University
of California, Santa Barbara, and Dr. Jerzy Szulga for sharing the results of his
research with us. We are extremely grateful to Dr. Phillip Feldman for letting us use
his uniform random number generator package and also for his invaluable suggestions
at various stages of the simulations. We would also like to thank Dr. Benny Cheng
g:: pxl')ovid.ing us with his program which estimates the parameters of an a-stable
istribution.
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